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ANOTE ON NORM IDEALS AND THE
OPERATOR X - AX - XB

BY
LAWRENCE A. FIALKOW'

ABSTRACT

For operators A and B on a Hilbert space ¥, let 7 denote the operator on
£(¥) defined by 7(X) = AX — XB. Several equivalent conditions are given for
7 to be surjective or bounded below. Analogues of these results are given for
the restrictions of 7 to norm ideals, and the norms of these restrictions are
estimated.

1. Introduction

Let & denote an infinite dimensional complex Hilbert space and let £(¥)
denote the algebra of all bounded linear operators on #. For operators A and B
in Z(¥), let 7 =1(A, B) denote the operator on £(#) defined by r(X)=
AX — XB. In this note we give several equivalent conditions for 7 to be
surjective or bounded below. We give analogues of these results for the
restrictions of 7 to norm ideals, and we also estimate the norms of these
restrictions.

By a well known theorem of M. Rosenblum [25], 7 is invertible if a(A)N
a(B) = (see below for notation). C. Davis and P. Rosenthal [11] proved that 1
is bounded below if and only if 0., (A) N 05 (B) = & and that 7 is surjective if and
only if 0;(A)N 0. (B)= . In Theorem 2.1 it is proved that 7 is surjective if and
only if the range of 7 contains each rank one operator. In Theorem 3.1 it is
proved that 7 is surjective if and only if 7 has a bounded right inverse, and
Theorem 3.4 contains the analogues of these results for the case when 7 is
bounded below.

Let (%, || -ll) denote a (uniform) norm ideal in £(¥) in the sense of R.
Schatten [26, pp. 54-55]. Then 7(#) C # and we denote the restriction of 7 to §
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by 7;. For each X in ¢ we have || AX - XB || = (|A{|+{B|)}l X ||, and thus
74 is a bounded operator on (%, || - [||)- A. Brown and C. Pearcy [10] proved that
o(r;) = o(7); in particular, it is proved in [10] that if some 7, is surjective, then 7
is surjective, and if 7, is bounded below, then 7 is bounded below. For the
Schatten ideals €, (1 = p = ) these results were independently obtained in [14]
and their converses were proved for €, (the trace class) and €. (the ideal of all
compact operators on ). In the present note we obtain the complete converses.
In Theorem 3.2 it is proved that if 7 is surjective, then 7, has a right inverse in
Z(#) for each norm ideal ¢, and thus 7,4 is surjective. In Theorem 3.5 it is
proved that if 7 is bounded below, then each 7, has a left inverse in £(#) and is
thus bounded below. These results provide affirmative answers to Questions
(i)-(iii) of [14, section 3].

In  [28], J. G. Stampfli proved the identity ||7(A,B)|l=
inf,cc|]A = A||+||B = AJl; in particular, if A =B and §(A)=17(A,A), then
(6(A)||=2inf, A —A[.In[16], C. K. Fong proved the analogous result for the
induced operator, &(A), acting on the Calkin algebra: [§(A)|=
2inf, [|[w(A = A)[. In section 4 we examine the extent to which Stampfli’s
identity applies to 84 (A), the restriction of 6(A) to the norm ideal #. To this
end, we say that an operator A € £(¥) is S-universal if [[8,(A)]=
2inf, [|A — A for each norm ideal #. (This is equivalent to the condition that
|8, (A)|lis independent of ¢.) For an arbitrary operator A and each norm ideal
¥, we prove that diam(W(A))=[6,(A)[|=2inf,[|]A — A, where the lower
bound represents the diameter of the numerical range of A. As an application,
we show that when A is subnormal, the shape of (A ) determines whether A is
S-universal; precisely, a subnormal operator is S-universal if and only if the
diameter of the spectrum is equal to twice the radius of the smallest disk
containing it (Theorem 4.12).

We conclude this section with some notation and a survey of pertinent results
from the literature. Let of denote a complex Banach algebra with identity. For
A€Ed, o(A), o.(A), and a:(A) denote, respectively, the spectrum, right
spectrum, and left spectrum of A. For a Banach space &, £(%) denotes the
algebra of all bounded linear operators on Z. For T € ¥(%), let ¢,.(T)=
{A €C:T -\ is not bounded below}, the approximate point spectrum of T.
Following [11), we set o5 (T) = {A € C: T — A is not surjective}, the approximate
defect spectrum of T. Of course, when & = # (a Hilbert space), then o, (T)=
o {T) and o5(T)=0,(T). We record for ease of reference the following
fundamental results concerning the mapping 7= 7(A,B): & — «, where
A,BEd and 7(X)= AX - XB.
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THeorReM 1.1. (Rosenblum [25]) (i) o{(r)Co(A)-o(B)={a - B:
a€co(A), BEa(B); (i) if r—z is invertible, then (7~2z)'(X)=
(2@ [, (A~z—-w)'X(w—B) 'dw for each X in o (where y is a suitable
contour independent of X).

THeOREM 1.2. (Kleinecke [22] [25)) If A = L(X), where & is a Banach
space, then o(t)= o(A)—-o(B).

THeoreM 1.3. (Davis-Rosenthal [11]) Let & = £(¥), where ¥ is a Hilbert
space. (i) 0, (7)= 0. (A)— 05 (B); (ii) 0s(1) = 05(A)— 0. (B).

The main ingredient in the proofs of the results in section 3 is the use of
analytic left and right inverses for certain elements of a Banach algebra. G. R.
Allan [1] {2] proved that if A € o, then there exists an analytic function
La:C\oy(A)— o such that La(A)(A — A) = 1; similarly, there exists an analy-
tic function R, :C\o.(A)— & such that (A - A)Ra(A)=1; of course, for
AEC\a(A), Ls(A)=R4(A)=(A — A)"". Refinements and extensions of these
results for the case o = £(¥) may be found in [6] and [7]. Using Allan’s results,
the proofs in section 3 entail suitable modifications of Rosenblum’s resolvent
formula (Theorem 1.1(ii)).

Let # (%) (or €.(#)) denote the ideal of all compact operators in L(¥), and
let 7 : F(H)—> L(H)/H(H) denote the canonical projection onto the Calkin
algebra. For T in Z(¥) we set 0. (T)= o,(w(T)) and 0.(T) = 0. (7 (T)) (see
[15]). For A and B in ¥(¥), 7 denotes the operator on the Calkin algebra
defined by 7(w(X))= w(A)7(X)— 7 (X)7(B).

Let (#, || - |l ) denote a uniform (or symmetrically normed [17, p. 68]) norm
ideal in £(%). If X € ¢ and R, S € £(%), then [|RXS|| =|RIISIIXII,
with equality if R and S are unitary. Let €, (or 4,(#)) denote the Schatten
p-ideal, 1 = p <. €, consists of the compact operators X such that =, | A > <
x, where {A;} denotes the sequence of nonzero eigenvalues of (X*X)"?, each
repeated according to its multiplicity. For X € 6, | X|l, =(Z:|A:|?)"" and

(€,,1-!l,) is a uniform norm ideal. If (&, ||| is an arbitrary (uniform) norm
ideal and X € %, then | X | = || X || =||X|;; in particular, if X is a rank one
operator, then || X || = X|. We denote the restriction of 7 to €, by 7,

The author wishes to thank E. Azoff, J. G. Stampfli, K. Clancey, J. Deddens,
and the referee for helpful suggestions.

2. Rank one operators

Let & denote the ideal of all finite rank operators and let %, denote the set of
all rank one operators in (). In [10] and [14] it was shown that 7 is bounded
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below if and only if the restriction of 7 to %, is bounded below, and in [14] it was
also shown that 7 is surjective if and only if ¥ (#)C R (7). We next obtain an
analogue of the former result by means of the following extension of the latter
result: 7 is surjective if and only if %, C R(r). In contrast to this result, [14]
contains an example of an invertible 7 such that &, Z R(r l F); of course, since 7
is invertible, Theorem 3.2 (below) implies that % C & (7 ,f) (= #) for each
norm ideal $.

THeOREM 2.1. 7 =17(A, B) is surjective if and only if the range of v contains
each rank one operator.

Proor. If 7 is surjective, then clearly %, C R(7); for the converse, we
assume that 7 is not surjective and we will show that %, Z &(r). Since 7 is not
surjective, Theorem 1.3 implies that a,(A) N o, (B) # J, and we may assume
that 0€o0,(A)Noy(B). For T in £(¥), let 8(T)= o0 (T)\o.(T)=
{A€C:T-X has closed range and 0<dim(ker((T-A)*)<}; &(T)=
o1(T\ o (T)={r €C: T — A has closed range and 0 <dim(ker(T — A)) < o}
Now 0€(8,(A)VU . (A)N(8(B)Ua.(B)) and we consider the following
cases for the location of 0.

(i) 0€4,(A)N & (B). Let e and f denote vectors such that ||e| =|f]|=1 and
Be =A*f=0. Let Y denote the rank one partial isometry defined by Yg =
(g, e)f for g € ¥. For each operator X in L(¥),

IAX - XB - Y P2 | AXe - XBe — Ye [P =||AXe — f|F = | AXe|F+ | f[F = 1.

Thus Y& ®(r)” and so in this case ¥, Z R(r)".

(i) 0€ 0..(A) N 0. (B). For this case we may adapt some results of J. G.
Stampfli pertaining to the case when A = B [29, lemma 1] [29, theorem 2]. For
the sake of completeness, we sketch the argument; our proof also closes some
apparent (minor) gaps in [29, theorem 2] concerning the dimension of some of
the subspaces involved in the construction. Suppose Y € £(¥) is not a scalar
multiple of the identity. We show there exists a unitary operator U such that
U*YU & R(r); if we apply this result to any rank one operator, then we may
conclude that %, Z R (7).

Let M denote a separable, infinite dimensional reducing subspace for Y such
that Y l/tt is not a scalar multiple of 1. (We do not assume that # is a proper
subspace; indeed, if # is separable, we may set #f = ¥.) Let Y, = Y l M ; since
M is separable, there exists an orthonormal basis {h,}n-: for # such that
(Yih,, hw)#0 for 1=m,n [23, theorem 2). Let a, = (Yhsn, hsnvy) for n = 1.
Since 0 € 0. (A) N 0:. (B), by a straightforward modification of [29, lemma 1]
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there exist orthonormal sequences {f.}=-; and {g.}n-: in ¥ such that the
following properties are satisfied: (i) | Bf, | = |a.|/n; (i) |A*g. | =] an |/ n; (iii)
(fss 8»)=0for 1 = n, m; (iv) the subspace spanned by all of the vectors f, and g,
{n =z 1) has an infinite dimensional orthocomplement in .

We define a unitary operator U by the following relations: (a) Uf, = hs,; (b)
Ug. = hi..1; (c) extend U to a unitary operator ((iv) permits this). Now U*YU
is not in the range of r; indeed, if AX — XB = U*YU, then

law| = [(U*YUf., g.)| = [((AX ~ XB)f., g.)|
= |(Xfw A*ga) — (Bfu X*g.)| = 2| X || an |/ .

Thus || X || = n/2 for each n, which is a contradiction.

(iii) 0€ 8,(A)N 0w (B). Let f be a vector such that || f| = 1 and A *f = 0; thus
fEH D R(A). Since 0 € 0, (B), there exists an orthonormal sequence {e, }r-,
such that | Be, || < 1/n°. Let # denote the subspace spanned by {e,}s-, and let Y
denote the rank one operator defined as follows: Ye, = (1/n)f, n = 1, Yg =0 for
g EH O M Suppose that X is in F£(#) and that AX — XB =Y. Then
AXe, — XBe, = Ye, =(1/n)f, and so XBe,=AXe,—(1/n)f. Since
fEHXODOR(A), then

| XBe. | = | AXe, ~ (1/n)f | = | AXe. | + | (1/n)f P = 1/n’,

andso || XBe, ||z 1/n > 0. Thus || Be, || # 0, and since 1/|| Be. || > n?, it follows that
| XBe.||/|| Be. || > n*/n = n. Thus | X ||> n for each n, which is a contradiction,
implying that the rank one operator Y is not in the range of 7.

(iv) 0€ 0.(A)N &8,(B). The equation AX — XB =Y is equivalent to the
equation (¥) B*X* - X*A*= — Y*. Now 0 € 0o.,(A*)N &, (B*) and thus, from
the preceding case, there exists a rank one operator Y such that (*) has no
solution. Thus Y & & (7) and the proof is complete.

ReMARk. D. A. Herrero [21] has posed the problem of characterizing when
has dense range. By modifying some of the proofs of Stampfli’s results in [29],
Herrero has shown that if .. (A) N o, (B) # &, or if there exists a scalar A such
that dimker((A — A)*) >0 and dimker(B — A) >0, then 7 does not have dense
range. Indeed, the proof of case (i) above is due to Herrero, and his idea of
modifying Stampfli’s proofs (in connection with the above problem) motivated
the proof of case (ii). (However, the proof that in this case 7 does not have dense
range entails a different argument than that given above to prove that
F Z R(r).) Herrero has also given examples of the case when the range of 7 is
proper but dense.
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3. Norm ideals

In this section we show that 7 is surjective if and only if each 7, is surjective,
and we then give the analogue for the case when 7 is bounded below.

THEOREM 3.1. Let A and B be in $(¥). If = 7(A, B) is surjective, then 7 is
right invertible in L(L(¥)). Moreover, if § is a norm ideal in £(3), then 74 is
right invertible in £(¢).

Proor. Since 7 is surjective, Theorem 1.3 implies that o5 (A)N o, (B)=D.
Since 05 (A ) and o, (B) are nonempty, compact, and disjoint, [25, theorem 2.1]
implies that there exists a Cauchy domain D such that o,(A)C D and
o.(B)N D™ =(. In particular, D satisfies the following properties: (i) D is
bounded and open; (ii) D has a finite number of components, C, i =1,---, n,
and CiNC;=Wfor1=i j=nandi#j;(iii) bdry(D) is the disjoint union of a
finite number of closed rectifiable Jordan curves J;, - - -, J,. Let b(D) denote the
positively oriented boundary of D.

Let R4 (A) denote an analytic right inverse for A — A defined on C\ g5 (A ) and
let Ls(A) denote an analytic left inverse for B — A on C\o,(B).Let E=C\D";
since D~ is compact, E has a unique unbounded component 0., and (ii)(iii)
imply that E has a finite number of bounded components 0,---,0, For
1=i=gq, Ra(A) is analytic in a neighborhood of €7; thus, from Cauchy’s
Theorem, it follows that fueg) Ra(A)dA =0 (where b(0;) denotes the positively
oriented boundary of 0, which consists of certain of the curves J,, 1 = k = p).

Since bdry(D)=bdry(E), the boundary of 0. is of the form bdry(0.)=
J,U---UJ,, and we claim that o0 (A)Cintdom(J,) U -+ Uintdom(J, ) (where
intdom (J) denotes the interior domain determined by the Jordan curve J). If
the claim is false, there is some point of 6(A)in 02, and from this it follows that
bdry (o (A)) N 0L # . Since bdry(o(A))C o5 (A)C D CC\ O, we have a con-
tradiction.

Thus o(A)Cintdom(J,)U---Uintdom(J,), and it follows that R (A)=
(A — 1) in a neighborhood of 0Z. The Riesz functional calculus thus implies
that (1/27i) [oe) Ra(A)dA = (1270) foo (A — A)'dA =1 [24, p. 421]. Now
(i)-(iii) imply that 07 N O] = J for i # j and that each curve J, is a subset of the
boundary of exactly one component of E. Thus

1

L1 1

R + -A)!
e a(A)dA T ,L(om) (A ) 'dA

=1.



Vol. 32, 1979 NORM IDEALS AND AX - XB 337

For 1=i=n, Lg(A) is analytic in a neighborhood of Ci, so Cauchy’s
Theorem implies [y, Le(A)dA =0, and it follows that [up,La(A)dA =0,

Now for Y in Z(¥), let p(Y)=X = —(1/2mi) fowry Ra(A)YLs (A)dA. The
map p is clearly linear and we will verify that p is a bounded right inverse for 7.
Note that

AX - XB = ——f ARA(A)YLs (A)dA +ij Ra(A)YLs(A)BdA
2mi b(D)
. _
- - LD) (A= A+ A)Ra(A)YLs(A)dA

2mf RA(A)YLa(B — A + A)dA

! |
v~ L)+ (2—7;; LD) Ra(A )d/\> Y

27Tl b(D)

=Y.

Let L denote the length of b(D). From the continuity of R. and Ly on b(D), let
M, = max,eup)||Ra(A)|| and M, = max,comy||Ls (). For each Y in £(%), it
follows that ||p(Y)| = (127)LM,M,||Y|}; thus p is a right inverse for r in
L(£()). If Y is in the norm ideal (&, || - || ), then it follows exactly as in [14,
theorem 3.20] that p(Y) € £, and moreover, ||p(Y)|| = (1/27)LMM.|| Y ||.
Thus ps =p f} is a right inverse for 75 in £(#).

The following result summarizes the various conditions equivalent to the
surjectivity of .

THEOREM 3.2. For 7 = 7(A, B) the following are equivalent:
(i) 7 is surjective;

(i) o(A)Na(B)=;

(iii) FCR(7);

(iv) 74 is surjective for some norm ideal ¥

(v) 7« is surjective for each norm ideal 3

(vi) 7 is right invertible in L(£(%)),

(vii) 74 is right invertible in L(§) for some norm ideal ¥,
(viii) 7 is right invertible in £(¥) for each norm ideal ¥.

Proor. The equivalence of (i) and (ii) is given by the theorem of Davis and
Rosenthal (Theorem 1.3), and the equivalence of (i) and (iii) is the content of
Theorem 2.1. Theorem 3.1 implies that (i) and (vi) are equivalent, and from
Theorem 3.1 we also have (i) = (viii) > (v) = (iv). Moreover, from [10] we



338 L. A. FIALKOW Israel J. Math.

have (iv) > (i), completing the equivalence of each of (i)-(vi) and (viii). Theorem
3.1 also shows that (i) = (vii) = (iv) = (i), thus completing the proof.

CoroLLARY 3.3. If 7 is surjective, then ker(r) and R (p) are complementary
closed subspaces of £(¥), i.e. £(3)=ker(r)+ R(p). If  is a norm ideal, then
F =ker(75)+ R(ps).

THEOREM 3.4. Let A and B be in L(¥). If r = 1(A, B) is bounded below,
then 1 is left invertible in £(L(¥)); if § is a norm ideal in £(), then 4 is left
invertible in £(§).

Proor. The method of proof is analogous to that of Theorem 2.1. We
include an outline, but omit certain details. Since 7 is bounded below, Theorem
1.3 implies that o, (A) N o5(B)= . Let E denote a Cauchy domain such that
0s(B)CE and 0.(A)NE =(. Then, as in the proof of Theorem 3.1,
JoeyLa(A)dA = 0 and (1/27i) foe) Re (A)dA = 1. For Y in £(%) we set ¢y(Y) =
(1/2mi) foey La(A) YRg (A )dA. As in Theorem 3.1, ¢ € L(L(X)), and if £ is a
norm ideal, then ¢(#)C ¥ and ¢y = ¢ l} € 4(f#). To complete the proof it
suffices to verify that ¢ is a left inverse for 7. If X € £(¥), then

$(7(X))= ¢ (AX - XB)

=507 [ L)X - XB)Ry ()0

B 27177 ey LAMA =)+ )X = X((B = 4)+A)]Ra (A)dA
- x (L A

=X (2771') LE) Rs(A)dA <2m. LE) La (A)dA) X

=X

The proof is now complete.
The following result summarizes the conditions for r to be bounded below.
We omit the proof, which is analogous to that of Theorem 3.2.

THeEOREM 3.5. For r = 7(A, B) the following are equivalent:
(i) 7 is bounded below;

(i) o.(A)Nos(B)=0 [11];

(iii) 7| %, is bounded below [10], [14];

(iv) 7 is left invertible in L(L(¥));

(v) 74 is bounded below for some norm ideal ¥,
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(vi) 7y is left invertible in £(¥) for some norm ideal §;
(vii) 7« is bounded below for each norm ideal ¥ ;
(viil) 7y is left invertible in £(X) for each norm ideal X.

COROLLARY 3.6. If 7 is bounded below, then ker(y) and R(r) are com-
plementary closed subspaces of £(¥), i.e. £(¥)=ker(¢)+ R (7). If § is a norm
ideal in £ (%), then $ =ker(y;5)+ R(7y).

We conclude this section with analogues of the above results for the operator 7
acting on the Calkin algebra €. In [14] it was proved that 7 is bounded below if
and only if 0. (A) N .. (B) = & and that T is surjective if and only if a,. (A) N
o.(B)=. Applying Allan’s results to the Calkin algebra, and using the
preceding method of contour integration, the following results may be proved
exactly as the results for the operator case; for this reason we omit the details.

ProprosiTION 3.7. The following are equivalent:

(i) T is surjective;

(i) o.(A)No.(B)=J [14];

(iii) 7 is right invertible in £(%). In this case, a right inverse for 7 is given by
p(m(Y)= —(127i) [, Ryay(A)7m (Y )L.s)(A)dA, where vy is a contour suitably
separating o,.(A) and o, (B). Moreover, € = ker(7)+ R(p).

ProrosiTioNn 3.8. The following are equivalent:

(i) T is bounded below

(i) ou(A)No.(B)= [14];

(il) 7 has a left inverse in £(€). A left inverse for 7 is given by §(mw(Y))=
(127i) [, L.a)(A)m(Y)R,.5)(A)dA, where y separates o.(A) and o,.(B) in a
suitable fashion. In this case, € = ker(y)+ R (7).

4. On the norm of 7,4

In this section we obtain some estimates for the norm of 75. Let r = 7(A, B). If
x € # and A €C, then

CGON = (A -0)X-XB -l =(IA=Arl+[B -2l XI

and it follows that || 74 || = infyec (A — A ||+ || B — A ||). We consider primarily the
case A = B. Weset 83 (A)=15(A, A) andin case § = %, (1 = p = ») we denote
85(A) by 8,(A). For A € £(¥), let d(A)=infiec|A = A||; thus |85 (A)[=
2d(A), and in the sequel we obtain certain lower bounds for || 85 (A)].

Let e, and e, denote vectors in % such that | e, =||e.]|= 1 and (e,, e2) = 0. Let
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V denote the rank two partial isometry defined by the following relations:
Ve,= e, Ve,= —e;, Vh =0 if (h,e,)=(h,e;) = 0. (Note that V is the same as
the operator “V,” in the proof of [28, lemma 3].) For the norm ideal (&, ||| - || ),
we set ag = || V || ; of course, ay depends only on the unitary equivalence class
of V.Since 1=||V|= || V|| =||V|i=2, then 1= a; =2.

ProrosiTiON 4.1. Let A € £(X). If # is a norm ideal, then (2/as)d(A)=
85 (A)|=2d(A).

Proor. By a result of T. Ando [4, theorem 1], d(A)=sup|(1- P)AP|,
where the supremum is with respect to the set of all rank one orthogonal
projections in £ (). Let 0 <& <d(A) and let P denote a rank one projection
such that (1 - P)AP| =z d(A)— & >0. Let e denote a unit vector in the range of
P and let f = (1- P)Ae. Since | f||={|(1- P)AP| >0, then f#0 and (e, f) = 0.
Define an operator W as follows: We =¢, Wf= —f, Wh=0if (h,e)=(h,f)=
0. A calculation shows that (AW — WA )e = 2(1 — P)Ae = 2f; also, since W is
unitarily equivalent to V, then || W || = [| V|| = a5, and thus

24(A)z 8, (A= AW = WA I/ | Wl z| AW = WA |/ s
Z[|(AW— WA)ell/ay =[2(1- P)Ae|/ay
= (2/as)[(1- P)AP| = (2/ay)(d(A) - ¢).
The result follows directly.
RemArRk. The preceding argument also recaptures Stampfli’s indentity
|8(A)||=2d(A) (note that |W| =1). The apparent absense of convexity

arguments in the above proof should not mislead the reader; convexity results do
play a role in the proof of Ando’s theorem.

CoOROLLARY 4.2. For 1=p=w 2""d(A)=|5,(A)||=2d(A).
The preceding estimate is not sharp. For example, if § = €, then ay =2;
however, as we next show, Stampfli’s identity does hold for the trace class.
ProrosiTiON 4.3. Let 7= 7(A, B). Then
Ir=ll =7l =7l = inf. (1A — A [ +]1B = A]).

Proor. Recall that if & is a Banach space and T € ¥(¥), then | T|| = || T*.
Now from [14, theorem 3.13] we have (7.)** = 7, so ||7.]| = 7|. From [14] we
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also have (r.)*= —1(B,A), so that |7, =][(7=(B, A)*| =] 7=(B,A)|=
(B, A)|l = infi (|B ~ A[+] A=Al =]].

We seek to sharpen the lower bound for || 74 (A)|], at least in special cases, and
to this end we introduce some notation. Let K be a nonempty bounded subset of
the plane, and let diam(K) denote the diameter of K, ie. diam(K)=
sup. sex |A — B|. If K is compact, among all the closed disks containing K there
is a (possibly degenerate) disk Dk of smallest radius, and we let rad (K') denote
the radius of Dx; clearly diam(K) = 2rad(K). For T € £(¥), we set (T) =
diam(o(T)) and ®(T)=rad(o(T)). Now Z(T)/R(T)=2 and the next two
results give some other relationships among d(T), 2(T), and R(T).

ProrosiTioN 4.4. If T € L(¥), then R(T)=d(T).

Proor. Let A €C and B € 0. (T). Let {x,}:-,C ¥ denote a sequence such
that |x.[=1 for nz=1 and Lm||(T-B)x.]|=0. Since |T-A|=z
B=A+T-B)x.|Z|x—-B|- (T~ B)x.|, it follows that [T - A | =|r - B].
Thus | T — A | 2 supge._y|A — B|, and we claim that the supremum is not less
than R(T). If the claim is false, let y be such that supge. ) |A — B[ <y < R(T).
Now 0,(T)C{z:|z—A|=+y} and thus o(T)C{z:|z — A| = y}, contradicting
the definition of ®R(T). Thus d(T)=infyec||T — A || = inf, supge..n|A = B|Z
R(T).

CorOLLARY 4.5, If T € £(K), then D(T)=2d(T).

ProofF. From Proposition 4.4 we have @(T)=2%R(T)=2d(T).

For T in #(#) let W(T) denote the numerical range of T, i.e. W(T)=
{(Tx,x): x € %, |x| = 1}. Let W,.(T) denote the essential numerical range of T
given by W.(T)={Ar €C: A =lim(Te, e,) for some orthonormal sequence
{e.}i-1C ¥} [15, section 5]. W(T) and W,(T) are bounded and convex, and
unlike W(T), W,(T) is necessarily compact [15]. Since W, (T)C W(T), it
follows that diam(W,(T))=diam(W(T)), and considerations with nonzero
compact nilpotent operators show that the inequality may be strict.

LemMa 4.6. Let T be in £(%) and let @ and B denote distinct elements of
W(T). Then there exist «', B' € W(T) and orthogonal unit vectors e and f such
that o' = (Te,e), B'=(Tf,f) and |a'- B'|=|a — B|. Moreover, if |a —B|=
diam (W(T)), then the choices a’ = a and B’ = B are permitted.

Proor. Let x and y be unit vectors in # such that « =(Tx,x) and
B = (Ty,y). Since a # B, x and y are independent, and we let # denote the two
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dimensional subspace spanned by x and y. Let P denote the orthogonal
projection onto 4 and let S denote the compression of T to #, i.e. S = PT l M.
It is easy to verify that « and B are elements of W(S) and that W(S)C W(T).
Since 4 is two dimensional, relative to a suitable orthonomal basis {x,, x,} for A,
the matrix of S is upper triangular. Up to a further unitary equivalence, followed
by a translation and then a rotation, we may assume, without loss of generality in
the following argument, that the matrix of S relative to {x,, x,} is of the form
(6 -2, where A and 6 are nonnegative real numbers.

We consider first the case A, 8 > 0. In this case W(S) consists of the closed
ellipsoidal disk {x +iy: x,y €R and x*/u*+ y*/6> =1}, where u = (A*+ 6%)"”
(see [9] [18, p. 109)). Clearly diam(W(S))= 2u, and since «, B € W(S) and
W(S)C W(T), it suffices to find orthogonal unit vectors e and f in .4 such that
(Se,e)=p and (Sf,f)= —u. Let e denote a unit vector in # such that
(Se,e)=p. If e =1yx,+px, then (A*+6%)7=p=A(y[~|p)+267p, so
%,p#0, and we set f=([p|y/|y])xi=(lvllpl/p)x2. Now [If]=1, (e,f) =0,
and a calculation shows that (Sf,f)= A(|p]*—|v[*)—26%p = — u. Moreover, if
|a — B| = diam (W(T)), then @ and 8 must be the endpoints of the major axis of
the ellipse. Thus @ = and B = —u (or @ = —u and B = u), so the proof is
complete in this case.

If 8 =0, then W(S) is the closed interval [ — A, A]. Thus we may take e = x,,
f=x,andseta’= A and B'= — A. If |a ~ B| = diam (W(T)), then a and B are
the interval endpoints, so (up to a change of notation) we may assume a’' = o
and B'= 8.

If A =0, then W(S) is the closed circular disk centered at the origin with
radius §. We may set e = (1/2'%,1/2'%), a'= 0, f = (1/2'*, - 1/2'*), and B' = - 6.
If |a — B|=diam(W(T)), a and g must be the endpoints of a diameter of
W(S), i.e. a = 6e” and B = —~ a. In this case we may set e = (e 7 /2'7, 1/2"?),
a'=a, f=(1/2"%, - e 2"?), B' = B. The proof is now complete.

REMARK. We cannot in general take o’ = a and B’ = 8. To see this, consider
the operator T on C* whose matrix is (§ ¢). The only unit vectors e such that
(Te, e) = 1/2 are of the form (e"/2'?, e /2"?) where r — s = 2mn for some integer
n. The only unit vectors f such that (Tf,f) =0 are those of the form (y,0) or
(0,v) where |y |=1; clearly e and f are not orthogonal. On the other hand, an
analogue of Lemma 4.6 for the essential numerical range does allow at least an
asymptotic version of the stronger conclusion. Indeed, from [3, lemma 2

(corollary)], if a, B € W, (T), then there is an orthogonal decompositon of #
relative to which T has the matrix
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B:
B:

Qpn

B~

* *

where a, =« and B, — B. Thus (Te,e.)— a and (Tf, f.)— B for certain
mutually orthogonal orthonormal sequences {e.} and {f.}.

PropositioN 4.7. If T € £(¥), then ||8,(T)||= diam(W(T)) for each norm
ideal §.

ProoF. We may assume diam(W(T))>0. Let 0 < ¢ < diam(W(T)) and let
a, B € W(T) be such that |a — B|>diam(W(T))— e. From Lemma 4.6, there
exist a’, B’ € W(T) and orthogonal unit vectors e and f such that (Te,e)= o',
(Tf,f)=B', and |a’'— B'| = |a — B]. Relative to the orthogonal decomposition
X =(e)P(f)P ¥, the operator matrix of T is of the form

a’ 8 *
y B’
* ' *

Let V denote the rank one partial isometry with the following matrix:

0 1 0
0 0 0] .
0 0 0
Let (4 || *]ll) be a norm ideal. Now || V|| = 1 and a matrix calculation shows
that
8s (T =z 1TV - VT || = |TV - VT|
z|a'-B'| z |a - B|=diam(W(T)) - &.

The result follows directly.

CorOLLARY 4.8. IfT € £(¥), then |85 (T)|| = D(T) for each norm ideal §.
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Proor. Since o(T)C W(T) {18, p. 111], we have diam(W(T))= @(T), so
the result follows from Proposition 4.7.
We note that if T is subnormal, then @ (T)= diam(W(T)) [18, p. 321].

CoRrOLLARY 4.9. If TE £(X) and D(T)=2d(T) or diam(W(T)) = 2d(T),
then T is S-universal, i.e. |85 (T)||=2d(T) for each norm ideal $.

Lemma 4.10. If TE€ £L(¥) is hyponormal and @ (T)=2R(T), then T is
S-universal.

Proor. Since T is hyponormal, d(T)= R(T) [28, corollary 1, section 1]
thus, from Corollary 4.8, 2R(T)= 2(T) =85 (T)||=2d(T) = 2R(T), and the
proof is complete.

Lemma 4.11. If T € L(¥) is subnormal, then ||8,(T)| = 2(T).

Proor. We assume first that T is a normal operator with finite spectrum. Let
{A4, - -+, A.} denote the distinct elements of o (T). Thus, relative to the decom-
position # =ker(T—A)PD--- P ker(T - Ar.) we have T= A, P - - D A, Let
X € €, and let (X, )= ;j=» denote the operator matrix of X with respect to the
above decomposition. The matrix of TX - XT assumes the form
(X = 4) X hisijzm 50 | TX = XTI} = Zisijzal ki — & | X5 2= D(T)*(| X [B. Thus
| 8T)| = 2(T), and the reverse inequality follows from Corollary 4.8.

We next consider the case when T is a normal operator whose spectrum is
infinite. Thus there exists a sequence of normal operators {N,} such that
[N« — T||—0 and such that each o(N.) is finite. Note that in general the
mapping T— @ (T) is not norm continuous. However, using properties of the
spectral measure, we may assume that in this case Z(Ni)— (7). Since o (N, ) is
finite it follows from above that [|8.(Ni)||— 2(T). Now since N, — T, we have
[|82(N)||—= || 82(T)]|, so the proof of this case is complete.

For the general case, let N denote the minimal normal extension of the
subnormal operator T. We assume N acts on the Hilbert space #&. Relative to
the decomposition #e = ¥ & (¥ © ¥), the operator matrix of N is of the form
(0 ). For X € €,(#), let Xy denote the operator in 6»(¥=) whose matrix is of
the form (& ¢); thus || X | = | Xg [..

The preceding case for normal operators implies that D(N)||X|.=
D(N)| Xe|.Z||NXe — XeN |, Z || TX — XT|,. Since N is the minimal normal
extension of T, it follows from [18, p. 103] that @(T)= 2(N), and thus
(D)X= ||8:AT)(X)]>- Now [8A(T)|=2(T) and the reverse inequality
follows from Corollary 4.8, completing the proof.
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THEOREM 4.12. A subnormal operator T € £(3) is S-universal if and only if
D(T)=2R(T).

Proor. If @(T)=2R(T), the conclusion that T is S-universal follows from
Lemma 4.10 (since T is hyponormal). If @(T)<2R(T), then Lemma 4.11
implies that ||8(T)||= @(T)<2R(T)=2d(T), and the proof is complete.

QuesTioN 4.13. Is the identity ||8(T)||= @(T) valid for each hyponormal
operator T?

An affirmative answer would imply that a hyponormal operator T is S-
universal if and only if @(T)=2R(T).

We note that there exist S-universal operators which are not subnormal. It is
not difficult to verify that each hyponormal injective unilateral weighted shift
satisfies the hypothesis of Lemma 4.10 and is thus S-universal; it is known that
not all such shifts are subnormal [27, theorem 4]. If U is a nonunitary isometry,
then it follows readily that T = U @ U* satisfies D(T)=2d(T); thus T is an
S-universal operator that is not hyponormal. We next consider examples with
nilpotent operators.

ExampLE 4.14. Let {e}’.: denote an orthonormal basis for the n-
dimensional Hilbert space #.. Let q. € £(#.) be the nilpotent operator defined
by the relations g.(e;)=0 and g¢.(e;))=ei—; for 2=i=n. Let T, denote the
countably infinite direct sum of copies of ¢. (T, = . P ¢. P - - - ). Now d(T,)) =
1 and it follows from [9] that diam(W(T.))=2cos(w/(n+1)); thus 2=
|85 (T.)|| = 2cos (r/(n + 1)) for each norm ideal #. In this case, since D (T.,) =0,
the preceding estimate is clearly better than that using Corollary 4.8, and the
estimate improves as n — .

Note that if T = 27_, @ g, then 2d(T) = diam(W(T))= @(T)=2,s0 T is an
example of a direct sum of nilpotents which is S-universal. We know of no
example of a non-zero quasinilpotent operator that is S-universal, and we next
show that if T#0 and T°=0, then T is not S-universal. Indeed, from [19,
theorem 1], we may assume that the operator matrix of T is of the form (§ ¢');
thus d(T)=|M|. If (¢ B) denotes the matrix of a Hilbert-Schmidt operator X
satisfying | X |.= 1, then a calculation shows that

ITX = XT{s = |MC[;+|MD ~ AM | + | CM |}
=[MPFQICHE+ D[+ [ ALY

Since |AE+{ID3+[|CIE=1, it follows that
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2[Cl+ D +AR=[ClE+ACE+IDE+IAR+2]DlA (.
sl-|AE-[DlE+1+2[D[.]AlL

=2-(JAlL~ 1Dy

IIA

2.
Thus || 8,(T)| = 2"?|M || <2d(T)=||8,(T)|, so that T is not S-universal.

ExamrLE 4.15. As a final example, we consider the Volterra operator V
[18, p. 94]. It is known that W(V) is determined by the boundary curves
(1=cos(t))/t>xi(t—sin(t))/t> (0=t =27)[18, p. 110]. The rightmost boundary
point is (1/2,0) (corresponding to t = 0), and the maximum height occurs at
(2/m, 1/7) (when ¢ = 7). It follows that diam (W(V)) < 5/6. On the other hand, J.
Deddens [12] has determined that d(V) = (w>+ w*)'?, where tan(1/w)= — 1/w
and 7/2=1/w = m; a computer calculation implies that 0.5495394 < d(V)=
0.5495397. Thus diam(W(V)) <2d(V), so Corollary 4.9 cannot be applied; we
do not know whether the Volterra operator is S-universal.

The preceding examples also show that none of Lemma 4.10, Lemma 4.11, or
Theorem 4.12 can be extended to arbitrary operators, and they suggest the
following questions.

QuEsTION 4.16. Does there exist a nonzero quasinilpotent operator T such
that diam(W(T))=2d(T)?

QuesTioN 4.17. Does there exist a nonzero quasinilpotent operator that is
S-universal?

The results of this section show that for T in £(¥), 2d(T)=||8,(T)| =
diam(W(T))= @(T) and 2d(T)=2R(T)z @(T). There appears to be no
simple relationship between diam(W(T)) and 2R(T). If T is a nonzero
nilpotent, then diam(W(T))>2®R(T) = 0; however, if N is a normal operator
whose spectrum is an equilateral triangle, then 2d(N)=2R(N)> 3(N)=
diam(W(N)). Note also that 2d(N) = 8,(N)| > diam(W(N)), while 2d(N)>
| 8N)|| = diam (W(N)). In this example @ (N)/R(N)= 3", and it is known that
3" is the smallest value for the ratio @(T)/% (T) (if a(T) is not a singleton).
(This fact was shown to the author by E. Azoff and also pointed out by the
referee.)

REMARKS. (1) After completing this paper, we obtained the following
characterization of the case when 7(A, B) has dense range (cf. section 2). The
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following are equivalent: (i) 7(A, B) has dense range; (ii) 0. (A) N 0. (B) =
and there exists no nonzero trace class operator X such that BX = XA (iii)
Given Y€ ZX(H) and e >0, there exists X & £(¥) such that K=
AX — XB - Y is compact and || K || < &. These results will appear in a forthcom-

ing paper.

(2) The identity for the spectrum of 7, apparently first appeared in [8]; it also
appears in [13]. The inclusions o,(7)C 0,(A)— 0:(B), 0:(7)C 0,(A)— 0,(B)
(but without the resolvent formulas of section 3) are contained in [20]. Several
authors have studied the norms of derivations on certain C*-algebras (with
identity) [5], [28]; these results appear to have no bearing on the estimation of
|| 75 [. Other related results are contained in R. E. Harte’s paper [Proc. Roy. Irish
Acad., 73 (1973), 285-302].

REFERENCES

1. G. R. Allan, On one-sided inverses in Banach algebras of holomorphic vector-valued
functions, J. London Math. Soc. 42 (1967), 463-470, MR35#5936.

2. G. R. Allan, Holomorphic vector-valued functions on a domain of holomorphy, J. London
Math. Soc. 42 (1967), 509-513, MR35#5940.

3. J. Anderson and J. G. Stampfli, Commutators and compressions, Israel J. Math. 10 (1971),
433-441.

4. T. Ando, Distance to the set of scalars, preprint.

5. C. Apostol and L. Zsido, Ideals in W*-algebras and the function n of A. Brown and C.
Pearcy, Rev. Roumaine Math. Pures Appl. 18 (1973), 1151-1170.

6. C. Apostol and K. Clancey, Generalized inverses and spectral theory, Trans. Amer. Math. Soc.
215 (1976), 293-300.

7. C. Aposto!l and K. Clancey, On generalized resolvents, Proc. Amer. Math. Sac. 58 (1976),
163-168.

8. A. Brown and C. Pearcy, Spectra of tensor products of operators, Proc. Amer. Math. Soc. 17
(1966), 162-169.

9. A. Brown and C. Pearcy, Operators on Hilbert Space, Springer-Verlag, to appear.

10. A. Brown and C. Pearcy, On the spectra of derivations on norm ideals, submitted to Acta Sci.
Math. (Szeged).

11. C. Davis and P. Rosenthal, Solving linear operator equations, Canad. J. Math. 26 (1974),
1384-1389.

12. J. Deddens, private communication.

13. M. R. Embry and M. Rosenblum, Spectra, tensor products, and linear operator equations,
Pacific I. Math. 53 (1974), 95-107.

14. L. A. Fialkow, A note on the operator X — AX — XB. Trans. Amer. Math. Soc. 243 (1978),
147-168.

15. P. A. Fillmore, J. G. Stampfli, and J. P. Williams, On the essential numerical range, the
essential spectrum, and a problem of Halmos, Acta Sci. Math. 33 (1972), 179-192, MR48 # 896.

16. C. K. Fong, Some aspects of derivations on B(#), Part I, Seminar Notes, University of
Toronto, 1978, preprint.

17. 1. C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint
Operators, Vol. 18, Translations of Mathematical Monographs, Amer. Math. Soc., 1969.

18. P R. Halmos, A Hilbert Space Problem Book, Van Nostrand, Princeton, 1967.



348 L. A. FIALKOW Israel J. Math.

19. P. R. Halmos, Capacity in Banach algebras, Indiana Univ. Math. J. 20 (1970/71), 855-863,
MRA42 # 3569.

20. R. E. Harte, Spectral mapping theorems on a tensor product, Bull. Amer. Math. Soc. 79
(1973), 367-372.

21. D. A. Herrero, private communication.

22. G. Lumer and M. Rosenblum, Linear operator equations, Proc. Amer. Math. Soc. 10 (1959),
32-41.

23. H. Radjavi and P. Rosenthal, Matrices for operators and generators of B (), J. London
Math. Soc. 2 (1970), 557-560.

24. F. Riesz and B. Sz.-Nagy, Functional Analysis, Ungar, New York, 1955.

25. M. Rosenblum, On the operator equation BX — XA = Q, Duke Math. J. 23 (1956), 263-269.

26. R. Schatten, Norm ldeals of Completely Continuous Operators, Ergebnisse der Math.,
Springer-Verlag, 1960.

27. 1. G. Stampfli, Which weighted shifts are subnormal, Pacific J. Math. 17 (1966), 367-379,
MR33#1740.

28. 1. G. Stampfli, The norm of a derivation, Pacific J. Math. 33 (1970), 737-747.

29. J. G. Stampfli, Derivations on B(): The range, 1llinois J. Math. 17 (1973), 518-524.

DEPARTMENT OF MATHEMATICS
WESTERN MICHIGAN UNIVERSITY
KALAMAZOO, MICHIGAN 49008 USA



